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The recent gravitational wave observations provide insight into the extreme gravity regime of
coalescing binaries, where gravity is strong, dynamical and non-linear. The interpretation of these
observations relies on the comparison of the data to a gravitational wave model, which in turn
depends on the orbital evolution of the binary, and in particular on its orbital energy and angular
momentum decay. In this paper, we calculate the latter in the inspiral of a non-spinning compact
binary system within Einstein-Æther theory. From the theory’s gravitational wave stress energy
tensor and a balance law, we compute the angular momentum decay both as a function of the fields
in the theory and as a function of the multipole moments of the binary. We then specialize to a
Keplerian parameterization of the orbit to express the angular momentum decay as a function of
the binary’s orbital elements. We conclude by combining this with the orbital energy decay to find
expressions for the decay of the semi-major axis and the orbital eccentricity of the binary. We find
that these rates of decay are typically faster in Einstein-Æther theory than in General Relativity
due to the presence of dipole radiation. Such modifications will imprint onto the chirp rate of
gravitational waves, leaving a signature of Einstein-Æther theory that if absent in the data could
be used to stringently constrain it.
I. INTRODUCTION
Since the first detection of gravitational waves (GW)
by the advanced Laser Interferometer Gravitational-
Wave Observatory (aLIGO), gravitational wave astron-
omy has moved to the forefront of scientific study [1–
6]. These observations have confirmed the existence of
gravitational radiation emanating from coalescing com-
pact binaries. The GWs emitted depend sensitively on
the orbital evolution of such binaries, and thus, their ob-
servation is a prime target for new tests in the extreme
gravity regime, where the gravitational interaction is si-
multaneously strong, dynamical and non-linear.
Einstein-Æther theory (Æ) [7] is an ideal model to test
with GWs because it encompasses one of the most gen-
eral ways to break one of General Relativity’s (GR) fun-
damental pillars: local Lorentz invariance. This symme-
try is broken through a unit timelike vector field, called
the æther field, which couples non-minimally to the met-
ric tensor and induces the activation and propagation
of scalar, vectorial, and tensorial metric perturbations
in compact binary systems [8–10]. Recent gravitational
wave observations have stringently constrained the speed
of propagation of tensor modes [11], but they could not
say anything about the other modes, which are only con-
strained by Solar System and binary pulsar observations
much more weakly [8, 9, 12].
Detailed GW tests of Æ-theory require the construc-
tion of GW models in the theory, which in turn requires
an understanding of coalescing binaries. During the in-
spiral, their trajectory can be modeled as a sequence
of osculating Keplerian orbits, with adiabatically chang-
ing semi-major axis and orbital eccentricity, within the
post-Newtonian (PN) approximation [13, 14]. These adi-
abatic changes are controlled by the rate at which the
binary loses orbital energy and angular momentum. In
Æ-theory, these rates are modified due to the activation
of scalar and vectorial tensor perturbations that propa-
gate away from the binary and carry energy and angular
momentum away with them [15, 16]. This, in turn, mod-
ifies the chirping rate of GWs, leaving a signature in the
GW phase that could be used to constrain the theory if
it is found to be absent from the data.
We here study the energy and the angular momen-
tum loss rate of a binary system in Æ-theory to, for the
first time, derive the rate at which the semi-major axis
and the orbital eccentricity decays due to GW emission.
We first compute the GW, stress-energy pseudo-tensor
(SET) by expanding the field equations to second order
in perturbations about a flat background, a method de-
veloped by Isaacson [17, 18]. We then use this SET to
compute the energy and the angular momentum flux car-
ried by all propagating modes in terms of derivatives of
these fields [19]. With this at hand, we use a multipolar
expansion of the fields to calculate these fluxes in terms of
derivatives of multipole moments. Lastly, we use a Kep-
lerian parametrization to present the energy and angular
momentum flux as a function of the orbital parameters
of the binary. In doing so, we verify the energy flux cal-
culations of [12], extending them to include the angular
momentum flux for the first time. This last result allows
us to calculate the rate of decay of the semi-major axis
and the orbital eccentricity of the binary.
We find that generically the semi-major axis and the
eccentricity decay rate is faster in Æ-theory than in GR
when dipole emission is present. Figure 1 shows these
evolutions for different choices of the c14 combination
of coupling constants of the theory. All other coupling
constants are chosen such that all propagating modes
travel at the speed of light, thus satisfying stability and
Cherenkov constraints [20], and leaving c14 as the only
free parameter of the theory that allows us to continu-
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FIG. 1. Temporal evolution of the semi-major axis (a) and the
orbital eccentricity (e) of a 1.4M-2M neutron star binary
due to the modified decay rates of the binary’s orbital energy
and angular momentum. To construct this figure, we modeled
the sensitivities with the weak-field expansion of [12, 15], and
we used an initial orbital frequency of 10 Hz and an initial
orbital eccentricity of 0.9. Observe that the semi-major axis
and the orbital eccentricity decay faster than in GR.
ously approach the GR limit [21]. Observe that the evo-
lution of the semi-major axis and the orbital eccentricity
becomes faster than in GR (the c14 = 0 case) as the com-
bination of coupling constants c14 is increased. Such an
increased rate of decay will imprint onto the chirping rate
of the emitted GWs, which could be constrained in the
future with GW observations.
The structure of this paper is as follows. Section II
presents the basics of Æ-theory, including how we de-
composes the fields of the theory into different propaga-
tion modes (Sec. II D). Section III explains how to derive
the SET and how to calculate the angular momentum
loss rate. Section IV specializes the previous results to a
binary system in a Keplerian parametrization, calculat-
ing the rate of semi-major axis and orbital eccentricity
decay. Section V concludes and discusses future implica-
tions. In the remainder of this paper, we use the standard
(−,+,+,+) metric signature as described in [22], as well
as units in which c = 1.
II. EINSTEIN-ÆTHER THEORY
We begin with a brief introduction to Æ-theory, which
was developed by Jacobson and Mattingly in 2001 by cou-
pling a Lorentz violating vector field to GR [7]. We here
follow mostly the presentation [15], where the full action
of the theory can be written as a sum of a gravitational
term and a matter term
S = SÆ +
∑
A
SA , (1)
for A bodies in the system.
A. Gravitational Action
The gravitational action in Æ-theory is
SÆ =
1
16piGÆ
∫
d4x
√−g (R
−Kαβγ∇αuγ∇βu + λ (uαuα + 1)
)
, (2)
where
Kαβγ = c1g
αβgγ + c2δ
α
γδ
β
 + c3δ
α
δ
β
γ − c4uαuβgγ ,
(3)
R is the Ricci tensor associated with the metric gαβ , and
uα is the unit timelike æther field constrained via a La-
grange multiplier λ. The coupling constants ci control
the various ways in which the æther field couples to the
metric. For future convenience, we introduce the follow-
ing combinations of ci:
c± = c1 ± c3 , (4a)
c14 = c1 + c4 , (4b)
c123 = c1 + c2 + c3 . (4c)
The term GÆ in Eq. (2) is the modified gravitational
constant which is related to the Newtonian one through
the relation [12, 23]
GN =
2
2− c14GÆ . (5)
B. Matter Action
For compact objects modeled as effective point-
particles, the matter action of the Ath particle is given
by [16]
SA = −
∫
dτA m˜A(γA) (6a)
= −m˜A
∫
dτA
[
+σA (γA + 1) +
1
2
σ′A (γA + 1)
2
+ · · ·
]
,
(6b)
where dτA is the proper time along the particle’s world-
line, γA = −uαvαA with vα the particle’s four-velocity,
and m˜A is the bare mass, which is related to the particle’s
active gravitational mass via
mA = (1 + σA) m˜A . (7)
We define the σA and σ
′
A charges in Eq. (6b) as
σA = −d ln(m˜A)
d ln(γA)
|γA=1 , (8a)
σ′A = σA + σ
2
A +
d2 ln(m˜A)
d (ln(γA))
|γA=1 , (8b)
and relate them to a rescaled sensitivity parameter
by [12]
sA =
σA
1 + σA
. (9)
3C. Field Equations
The variation of the full action in Eq. (1) with respect
to the metric yields the Æ modification to the Einstein
equations [24]
Gαβ − Sαβ = 8pi Tαβ , (10)
where Gαβ is the Einstein tensor, and Sαβ is given by
Sαβ = ∇γ
(
Kγ(αuβ) +K(αβ)u
γ −K(αγuβ)
)
+ c1 (∇αuγ ∇βuγ −∇γuα∇γuβ)
+ c4
(
uγuδ∇γuα∇δuβ
)
+ λuαuβ
− 1
2
gαβ
(
Kγδ∇γuδ
)
. (11)
with the contracted K-tensor
Kαγ = K
αβ
γδ∇βuδ . (12)
The matter stress-energy tensor Tαβ is defined via
Tαβ = − 2√−g
∂Sm
∂gαβ
, (13)
which can be calculated through the matter action in
Eq. (6b):
Tαβ =
∑
A
m˜Aδ˜A
[(
1 + σA − 1
2
σ′A
(
γ2A − 1
))
vαAv
β
A
−2 (σA + σ′A (γA + 1))u(αvβ)A
]
, (14)
where
δ˜A =
1
v0A
√−g δ
3 (~x− ~xA) (15)
is short hand for a renormalized Dirac delta function.
The variation of the full action in Eq. (1) with respect
to the æther field uα yields the æther field equation
∇αKαβ = λuβ + c4 (uα∇αuγ)∇βuγ + 8piGÆΥβ , (16)
where
Υα = −
∑
A
m˜Aδ˜A [σA + σ
′
A (γA + 1)] v
α
A . (17)
In addition to the modified Einstein equations and the
æther field equation, Æ-theory also possesses the timelike
constraint
gαβ u
αuβ = −1 (18)
which can be derived by varying the full action in Eq. (1)
with respect to the Lagrange multiplier λ. With this we
can solve Eq. (16) for λ to find
λ = 8piGÆΥα u
α+c4
(
uβ∇βuγ
)
(∇αuγ)uα−∇βKβα uα .
(19)
D. Field Decomposition
We conclude this section by carrying out an irreducible
decomposition of the perturbations of all the fields about
a fixed background, as done for example in [15]. We begin
by expanding the metric
gαβ = ηαβ + hαβ , (20)
about Minkowski spacetime ηαβ , with |hαβ |  |ηαβ | , and
expanding the æther field
uα = tα + ωα , (21)
about tα = (−1, 0, 0, 0) a timelike background unit vec-
tor, with |ωα| ∼ O (h).
Next, we perform two more decompositions. We be-
gin with a 3 + 1 decomposition of the metric perturba-
tion about a spatial hypersurface normal to the timelike
background vector
hαβ = tαtβh00 + 2P(αi tβ)h0i + Pαi Pβj hij , (22)
where Pαi is the background spatial projector
Pαβ = ηαβ + tαtβ . (23)
We then further decompose the 3+1-decomposed metric
tensor into transverse and longitudinal pieces
h0i = γi + ∂i γ , (24a)
hij = φijTT +
1
2
Fij [f ] + 2∂(iφj) + ∂i∂jφ , (24b)
where φijTT is a transverse-traceless spatial tensor,
Fij [f ] ≡ ηij F − ∂i ∂jf with F = ∂k ∂kf , and γi and
φi are longitudinal so that γi,i = φ
i
,i = 0. We similarly
decompose the æther field into transverse and longitudi-
nal modes through
ωα = tαω0 + Pαi
(
νi + ∂iν
)
, (25)
with νi longitudinal so that νi,i = 0.
We can simplify the above expressions somewhat as
follows. First, we use the timelike constraint on the æther
field in Eq. (18) to find
ω0 = −h00
2
, (26)
to leading order in the metric perturbation. Next, we use
the remaining gauge freedom to set
∂iω
i = 0 , (27a)
∂ih
0i = 0 , (27b)
∂i∂[jhk]
i = 0 , (27c)
which grants us ν = γ = φi = 0 upon simplification.
Through the evaluation of the field equations given in
Eq. (10) and (16), we are able to find relations which
4exist between the various remaining fields. By looking
at the tensor, vector, and scalar modes of the equations
separately, we are able to obtain1
γi = −c+ νi , (28a)
h00 =
1
c14
F , (28b)
∂i∂
iφ = −1 + c2
c123
F . (28c)
With these simplifications at hand, one finds that Æ-
theory only presents 3 non-vanishing perturbations: φTTij ,
νi, and F . These modes propagate as waves about the
background spacetime, satisfying modified wave equa-
tions in vacuum of the form(
1
vT 2
∂20 − ∂i∂i
)
φTTjk = 0 , (29a)(
1
vV 2
∂20 − ∂i∂i
)
νk = 0 , (29b)(
1
vS2
∂20 − ∂i∂i
)
F = 0 , (29c)
where the various propagation speeds are given by
vT
2 =
1
1− c+ , (30a)
vV
2 =
2 c1 − c+c−
2 c14 (1− c+) , (30b)
vS
2 =
c123 (2− c14)
c14 (1− c+) (2 + 3c2 + c+) . (30c)
The recent coincident electromagnetic and GW observa-
tion of a neutron star merger [11] has placed a severe
constraint on vT , effectively forcing c+ . 10−15, but this
observation places no constraint on vV or on vS .
III. ANGULAR MOMENTUM LOSS RATE
In this section, we calculate the angular momentum
loss rate in Æ-theory. We begin with a generic calcula-
tion that leads to a result in terms of derivatives of the
decomposed fields. We then specialize these results to an
N-body system and provide the angular momentum loss
in terms of derivatives of the multipole moments of the
system. In both cases, we also present previously-derived
expressions for the energy loss for the sake of complete-
ness.
1 For details on the calculation of these relations see [15, 25].
A. General Calculation
The angular momentum loss can be calculated
from [19, 26]
L˙i ≡ 1
2
ijkL˙
jk , (31)
where ijk is the Levi-Civita symbol and where we have
defined
L˙ij = −2
∮
x[i Θj]k dSk , (32)
with Θij the spatial components of the GW SET. The
latter can be calculated in Æ-theory using the techniques
outlined in [17, 18, 25] by expanding the field equations to
second order in the metric perturbation. The resulting
expression cannot be simplified directly through Brill-
Hartle averaging [27], because the integrand of L˙ij is not
Θij but x[i Θj]k; one can of course simplify the latter
through Bill-Hartle averaging, and we make use of this
henceforth.
The resulting expression can be simplified further
through the shortwave approximation [22, 26]. This as-
sumes the observer is in a region far removed from the
source of radiation, such that the observer’s local radius
of curvature Rc is much larger than the characteristic
wavelength of the gravitational radiation, λc. This al-
lows us to use λc/Rc  1 as an expansion parameter
and simplify partial spatial derivatives on any field Φ via
∂iΦ = −Ni
vΦ
∂τΦ + ∂¯iΦ , (33)
where vΦ is the speed of the field in question and the
special derivative ∂¯ operates only on the spatial (typically
radial) part of the field’s argument. Therefore, terms
proportional to (∂¯∂τΦ)/Φ are of O(λc/Rc).
When we combine this approximation with the prop-
erties of the decomposed fields, we can further simplify
the resulting expressions. For instance, we have that
Niφ
ij
TT = Niν
i = 0 , (34a)
Ni∂τφ
ij
TT = Ni∂τν
i = 0 , (34b)
Ni∂¯jφ
ik
TT = −
φTTkj
r
, (34c)
∂¯iN
j =
(3)Pji
r
, (34d)
where (3)Pij = δij−NiNj is a projector to a hypersurface
orthogonal to the wave’s propagation vector N i, and r
is the distance to the source. Clearly the hypersurface
orthogonal to tα need not coincide with that orthogonal
to N i and thus (3)Pij 6= Pij . We are required to utilize
the second term in Eq. (33) in the L˙ij calculation due to
the presence of an extra radial term present in Eq. (32).
5After using all of these simplifications, the end result
for L˙ij is
L˙ij = L˙ij(T ) + L˙
ij
(V ) + L˙
ij
(S) , (35)
with
L˙ij(T ) = −
1
8pi vT GÆ
∫
r2
[
φ
a[i
TT
(
∂τφ
j]
TTa
)
−1
2
(∂τφ
TT
ab )x
[i∂¯j]φabTT
]
dΩ , (36a)
L˙ij(V ) = −
(1− c+)(2c1 − c+c−)
8pi vV GÆ
∫
r2
[
ν[i
(
∂τν
j]
)
− (∂τνa)x[i∂¯j]νa
]
dΩ , (36b)
L˙ij(S) = −
(2− c14)
32pi vS c14GÆ
∫
r2 (∂τF )x
[i∂¯j]FdΩ . (36c)
and the analogous result for the angular momentum loss
is
L˙i = L˙i(T ) + L˙
i
(V ) + L˙
i
(S) , (37)
with
L˙i(T ) = −
1
16pi vTGÆ
∫
r2 ijk
[
φjaTT
(
∂τφ
k
TTa
)
−1
2
xj
(
∂kφabTT
)
(∂τφ
TT
ab )
]
dΩ , (38a)
L˙i(V ) = −
(1− c+)(2c1 − c+c−)
16pi vVGÆ
∫
r2 ijk
[
νj
(
∂τν
k
)
−xj (∂kνa) (∂τνa)] dΩ , (38b)
L˙i(S) = −
(2− c14)
64pi vSc14GÆ
∫
r2 ijk
[
xj
(
∂kF
)
(∂τF )
]
dΩ .
(38c)
Notice that the tensor term in Eq. (38) matches that
given in GR except for the prefactor in front of the in-
tegral. The largest difference between these expressions
and those in GR is the presence of the vector and scalar
modes, which contribute to the total loss of angular mo-
mentum of the system. Even if one sets c+ = 0 to satisfy
the tensor propagation bounds of [11], the vector and
scalar contributions still remain.
For completeness, we show the rate of energy loss in
terms of our fields2
E˙(T ) = − 1
32pi vTGÆ
∫
r2
(
∂τφ
TT
ij
) (
∂τφ
ij
TT
)
dΩ , (39a)
E˙(V ) = − (1 + c+)(2c1 − c+c−)
16pi vVGÆ
∫
r2 (∂τνi)
(
∂τν
i
)
dΩ ,
(39b)
E˙(S) = − (2− c14)
64pi vS c14GÆ
∫
r2 (∂τF ) (∂τF ) dΩ . (39c)
2 See [12, 15, 25] for a calculation on how E˙ was obtained.
It is a curious occurrence that all factors of our coupling
constants are identical in the prefactors for both L˙i and
E˙ for their respective modes. We will make further use
of Eq. (39) below.
B. Specialization to an N-Body System
The solution to the Æ field equations for a PN binary
system were first calculated in [15] and found to be
φTTij =
2GÆ
r
Q¨TTij
(
t− r
vT
)
, (40)
νi = − 2GÆ
(2 c1 − c+c−) r
×
[
1
vV
(
c+
1− c+ Q¨
i
j + Q¨ij + Vij
)
N j − 2Σi
]T
,
(41)
F =
2 c14GÆ
(2− c14) r
[
3 (Z − 1)N iN jQ¨ij + Z I¨kk
− 1
c14 vS
(
Q¨ij + 1
3
δij I¨kk
)
N iN j +
2
c14 vS
N i Σi
]
,
(42)
where over-head dots stand for partial time derivatives,
the superscript T and TT stand for the transverse and
the transverse-traceless part (relative to the direction of
propagation) of a given object, and we have defined the
short-hands
Qij = Iij − 1
3
δij I
k
k , (43)
Qij = Iij − 1
3
δij Ikk . (44)
These shorthands depend on the multipole moments of a
system of A bodies
Iij =
∑
A
mAx
i
Ax
j
A , (45)
Iij =
∑
A
σA m˜Ax
i
Ax
j
A , (46)
Σi = −
∑
A
σAm˜A v
i
A , (47)
Vij = 2
∑
A
σAm˜Av˙
[i
Ax
j]
A , (48)
where xiA labels their spatial trajectories and v
i
A = x˙
i
A
their orbital velocities, and we have defined the con-
stants [9]
Z =
2 (1− c+) (α1 − 2α2)
3 (2c+ − c14) (49)
α1 = −
8
(
c1 c4 + c
2
3
)
2c1 − c+c− , (50)
α2 =
α1
2
− (c1 + 2c3 − c4) (2c2 + c123 + c14)
c123 (2− c14) . (51)
6All expressions here are to be evaluated at the retarded
time t − r/v, where v is to be replaced with the propa-
gation velocity of the corresponding mode.
With this at hand, we may utilize the Brill-Hartle aver-
aging scheme [27] and write the angular momentum loss
rate as
L˙i(T ) = −
2GÆ
5 vT
ijk
〈
Q¨ja
...
Q
k
a
〉
. (52)
L˙i(V ) = −
4 c14 c
2
+GÆ
5 (2 c1 − c+c−)2 vV
ijk
〈
Q¨ja
...
Q
k
a
〉
− 2 c+GÆ
5 (2c1 − c+c−) vV 3 
i
jk
〈
Q¨ja...Qka + Q¨ja
...Qka
〉
− 2 (1− c+)GÆ
5 (2c1 − c+c−) vV 3 
i
jk
〈
Q¨ja...Qka
〉
− 2 (1− c+)GÆ
3 (2c1 − c+c−) vV 3 
i
jk
〈
VjaV˙ka
〉
− 8 (1− c+)GÆ
3 (2c1 − c+c−) vV 
i
jk
〈
ΣjΣ˙k
〉
,
(53)
L˙i(S) = −
3 c14GÆ
5 (2− c14) vS (Z − 1)
2
ijk
〈
Q¨ja
...
Q
k
a
〉
+
2GÆ
5 (2− c14) vS3 (Z − 1) 
i
jk
〈
Q¨ja...Qka + Q¨ja
...Qka
〉
− 4GÆ
15 (2− c14) c14 vS5 
i
jk
〈
Q¨ja...Qka
〉
− 2GÆ
3 (2− c14) c14 vS3 
i
jk
〈
ΣjΣ˙k
〉
. (54)
The above expressions can be combined and simplified to write the total angular momentum loss as follows
L˙i = −GÆ ijk
〈
2A1
5
Q¨ja
...
Q
k
a +
A2
5
(
Q¨ja...Qka + Q¨ja
...Qka
)
+
2A3
5
Q¨ja...Qka + C Σk Σ˙k + 2DVjaV˙ka
〉
, (55)
where we have introduced the new constants
A1 ≡ 1
vT
+
2 c14 c
2
+
(2c1 − c+c−) vV +
3 c14 (Z − 1)2
2 (2− c14) vS , (56a)
A2 ≡ 2 c+
(2c1 − c+c−) vV 3 −
2 (Z − 1)
(2− c14) vS3 , (56b)
A3 ≡ 1
2 c14 vV 5
+
2
3 c14 (2− c14) vS5 , (56c)
C ≡ 4
3 c14(2− c14)vS3 +
4
3 c14 vV 3
, (56d)
D ≡ 1
6 c14 vV 5
. (56e)
The first term in the A1 quantity represents the GR term
(with the modified propagation velocity). All other terms
lead to deviations away from GR due to contributions of
the æther field. As with the discussion above, in the
limit c+ → 0 the contributions of the additional modes
of propagation persist.
For completeness, we also present here the energy loss
for an N-Body system, computed e.g. in [12]
E˙ = −GÆ
〈A1
5
...
Q
ij ...
Qij +
A2
5
...Qij
...
Qij +
A3
5
...Qij ...Qij
+B1
...
I
...
I + B2
...I ...I + B3
...I ...I + CΣ˙iΣ˙i +DV˙ijV˙ij
〉
,
(57)
where
B1 ≡ c14 Z
2
4 (2− c14) vS , (58a)
B2 ≡ Z
3 (c14 − 2)vS3 , (58b)
B3 ≡ 1
9 c14 (2− c14)vS5 . (58c)
This result is important for use in the following section.
As with the L˙i term, the deviations away from the GR
result for E˙ are due to the presence of the alternative
modes whose velocities are unbounded.
IV. BINARY DYNAMICS IN Æ-THEORY
We now specialize the discussion further by considering
a non-spinning binary system with active gravitational
masses m1 and m2 in an elliptical orbit of separation
~r12 = ~r1 − ~r2, as shown schematically in Fig. 2. Observe
that the orbital plane is chosen here to coincide with the
x-y plane, so that the orbital angular momentum is along
the z-axis.
Neglecting radiation-reaction, such an orbit can still be
described through Keplerian ellipses in Æ-theory [12, 16].
r12 =
a(1− e2)
1 + e cos(ϕ)
, (59)
where the azimuthal angle evolves according to
ϕ˙ =
1
r212
√
GM a (1− e2) , (60)
and where a is the semi-major axis, e is the orbital ec-
centricity, M = m1 + m2 is the total mass and we have
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defined
G ≡ GN
(1 + σ1)(1 + σ2)
. (61)
Without radiation-reaction, the semi-major axis a and
the orbital eccentricity e are constants, while φ is a func-
tion of time. The binary’s energy and angular momentum
are then also constant, and related to the semi-major axis
and the eccentricity via
E = −Gm1m2
2a
, (62a)
L2 =
Gm21m22
M
a(1− e2) . (62b)
Once we include radiation-reaction, the energy and an-
gular momentum are no longer constant, as we found
in the previous section. Instead, for a binary system,
Eqs. (57) and (55) are given by
E˙ = −CG
2
Æ G2
(
2− e2 − e4)S2−M4 η2
2 (1− e2)7/2 a4
− GÆ G
3M5 η2
30 (1− e2)7/2 a5
× [2 (96 + 292e2 + 37e4) (A1 + SA2 + S2A3)
+15e2
(
4 + e2
) (B1 + SB2 + S2B3)] , (63)
and
L˙i = −CGÆ G
3/2 S2−M
7/2 η2
(1− e2) a5/2
− 4
(
8 + 7e2
)
GÆ G5/2M9/2 η2
5 (1− e2)2 a7/2
(A1 + SA2 + S2A3)
(64)
where we introduced the symmetric mass ratio η =
m1m2/M
2, the mass-weighted symmetric sensitivity S =
m1s2/M + m2s1/M , and the anti-symmetric sensitivity
S− = s1 − s2.
The above expressions shown in Eqs. (63) and (64)
do not contain angle-brackets because we have explicitly
carried out the orbit averaging. By the latter, we mean
specifically
〈X(t)〉 = 1
P
∫ P
0
X(t) dt , (65)
for any quantity X(t) with P the orbital period. This
integral can of course be rewritten in terms of the orbital
angle (ϕ in Fig. 2), as
〈X(ϕ)〉 =
(
1− e2)3/2
2pi
∫ 2pi
0
X(ϕ)
(1 + e cos(ϕ))
2 dϕ . (66)
where we have used
dϕ
dt
=
√
GÆM
a3
(
1− e2)−3/2 (1 + e cos (ϕ))2 . (67)
We can now combine the above equations with the time
derivative of Eq. (62) to find how the semi-major axis and
the orbital eccentricity evolve. We find that
a˙ = −CGÆ G S
2
−M
2 η
a2
h1(e)− GÆ G
2M3 η
15 a3
[
2
(A1 + SA2 + S2A3) f1(e) + 15 (B1 + SB2 + S2B3) g1(e)] , (68)
e˙ = −CGÆ G S
2
−M
2 η
a3
h2(e)− GÆ G
2M3 η
30 a4
[
2
(A1 + SA2 + S2A3) f2(e) + 15 (B1 + SB2 + S2B3) g2(e)] . (69)
The above expressions depend on certain enhancement
factors that are only functions of eccentricity, namely
f1(e) ≡ 96 + 292e
2 + 37e4
(1− e2)7/2 , (70a)
g1(e) ≡
e2(4 + e2)
(1− e2)7/2 , (70b)
h1(e) ≡ 2 + e
2
(1− e2)5/2 , (70c)
8f2(e) ≡
e
(
304 + 121 e2
)
(1− e2)5/2 , (70d)
g2(e) ≡
e
(
4 + e2
)
(1− e2)5/2 , (70e)
h2(e) ≡ 3 e
2(1− e2)3/2 , (70f)
(70g)
The evolution of the semi-major axis and the orbital ec-
centricity is clearly faster than in GR due to the dipole
term proportional to C. As was shown earlier, C is pro-
duced by terms that come from the vector and scalar
modes of propagation. Therefore, it is these additional
propagation modes that are responsible for the contribu-
tion to the dipole term in the decay rates, and the latter
is thus not affected by bounds on the propagation speed
of the tensor mode.
Figure 1 shows the temporal evolution of the semi-
major axis and the orbital eccentricity for a neutron
star binary in the inspiral. This evolution was ob-
tained by numerically solving Eqs. (68) and (69) for a
binary with masses m1 = 1.365M and m2 = 2.040M.
The sensitivities are modeled through a weak-field ex-
pansion of [15] with stellar radii R1 = 12.214km and
R2 = 11.966km and are given by
sA =
(
α1 − 2
3
α2
)
mA
RA
. (71)
This approximation suffices to roughly model the tem-
poral evolution of the semi-major axis and the orbital
eccentricity. A proper GW model in Æ-theory, however,
ought to employ the strong-field representation of the
sensitivities found in [12].
V. CONCLUSION AND FUTURE
We have here calculated the rate of change of the
orbital angular momentum due to GW emission in Æ-
theory, accounting for all modes of propagation. This
calculation, together with the energy flux of [12, 15], al-
lowed us to compute the rate of change of a binary’s
semi-major axis and its orbital eccentricity. We found
that these quantities decay much more rapidly than in
GR due to the emission of dipole radiation by the vec-
tor and scalar modes of the theory. These modifications
persist even when one forces the tensor modes to propa-
gate at the speed of light, thus by-passing the recent GW
bounds of [11].
One could use these results in a variety of ways. One
possibility is to construct a leading order GR deviation
model for the GWs emitted in the inspiral of eccentric
compact binaries. This model could be based on the
recent work of [28], which built a model in GR that is
valid for binaries with arbitrary eccentricity. Alterna-
tively, one could work in a small-eccentricity expansion,
as suggested in [29], or in a large-eccentricity expansion,
as suggested in [30, 31]. Such a model could then be
used to inspiral a model-independent parameterization
of modified GW models, as done for quasi-circular inspi-
rals through the parameterized post-Einsteinian frame-
work [32]. With this at hand, one could use future GW
observations by advanced LIGO, or by third generation
GW detectors or space-based detectors [33], to place in-
teresting constraints on Æ-theory.
Another possibility for future work is to revisit the
strong-field sensitivity calculations of [12] and repeat the
computation of binary pulsar constraints in light of the
recent tensor propagation speed constraints of [11]. The
results on the Æ constraints found in [12] are not valid
any longer because that work made certain assumptions
regarding the magnitude of the coupling constants, which
is violated by the constraints in [11]. Once this work is
repeated, however, one could redo the computation of bi-
nary pulsar constraints using not only binaries with very
small eccentricity, but also much more eccentric ones.
Such an extension would require the use of the angular
momentum flux calculated in this paper.
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